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Efficient Computation of Many Eigenvector Derivatives
Using Dynamic Flexibility Method
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and
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A new approach for computing eigenvector derivatives with repeated eigenvalues of a complex structural system
has been successfully developed. This method utilizes a dynamic flexibility technique. Unlike other published
methods, this method requires one only to solve the system linear algebraic equations once, regardless of the
number of eigenvector derivatives needed to be computed. Tremendous computer time can be saved using this
method. Theoretical derivation of this method is presented. Numerical examples are also presented to verify the
analysis. This method can be a powerful tool for the design engineer to compute many eigenvector derivatives of

a large complex structural system.

Nomenclature

Ay, Ay .. = (n, n) matrices to be determinated

K € R = real symmetric positive semidefinite stiffness
matrix

K € R = derivative of stiffness matrix with respectto p;

M € R = real symmetric positive definite mass matrix

M € R = derivative of mass matrix with respectto p;

D) = jth design parameter

R = dynamic flexibility matrix

VA € Ig’" = eigenvector matrix of repeated root

V4 € R = derivative matrix of eigenvector of repeated root
with respectto p;

A, erm = derivative diagonal matrix of repeated
eigenvalue with respectto p;

- = repeated eigenvalue

@, € R = high-order eigenvector matrix excluding ®y

O € Rk = lower-order eigenvector matrix including the
eigenvectors Z and @y

(O eRr” = rigid-body modal matrix

Qe Rvh = high-ordereigenvalue diagonal matrix
correspondingto @,

Qe REK = lower-order eigenvalue diagonal matrix
correspondingto @,

b4 € R = eigenvector matrix of repeated root from the

generalized eigenequation

Subscripts and Superscripts

h = number of high-ordereigenvectors
k = number of lower-order eigenvectors

m = number of eigenvectorsof repeated root A,
n = number of degrees of freedom for a system
r = number of rigid-body mode eigenvectors

Introduction

HERE are many useful methods to compute eigenvector
derivatives of an eigensystem published in technical journals.
These methods can be categorized into two basic groups: 1) direct
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computation methods and 2) indirect computation methods. Di-
rect computation methods include the Fox and Kapoor method,!
the Nelson method,” improved Nelson methods,** the Ojalvo’
and Mills-Curran® methods, the Zhang and Wei direct perturba-
tion method,” and the Zhang and Zhang improved direct perturbed
method.® Direct method means that the singularity of the govern-
ing equation for eigenvector derivative [see Eq. (1)] is directly re-
moved. Indirectcomputationmethods includethe incomplete modal
methods!-® and the complete modal space method.!®-!! Indirect
method means that the singularity of the governing equation (1)
is avoided.

All aforementioned methods, except for the incomplete modal
methods, need to analyze the entire system linear algebraic equa-
tions once for each different eigenvectorderivative. That is, for each
differenteigenvaluecondition,one needsto solvethe system govern-
ing equations to obtain each eigenvector derivative corresponding
to its eigenvalue.

For designinga large complex structural system, there are many
eigenvectorderivativesthat need to be computedto obtainan optimal
design configuration. Therefore, it is not practical for engineers to
obtainthe best solution because the computationalefforts for an op-
timal structural system will be very large. The present authors have
spent considerable effort trying to find the best method to minimize
the computer time. Many different approaches have been studied
and tried. All the results are not very promising because of either
their poor numerical precisionor their low computationalefficiency.
None of them can be considered to be as good as the method pre-
sented in this paper. This method is a new approach for computing
eigenvectorderivativesand uses the dynamic flexibility technique.!
This dynamic flexibility technique was first published by Hu'? and is
modified in this paper for use in the calculationof many eigenvector
derivatives.Regardless of the number of the eigenvectorderivatives
of interest, the dynamic flexibility method only needs to decompose
the coefficient matrix of the system linear algebraic equation once.
Thus this method shows high computationalefficiency as compared
with other methods, especially in multiple eigenvector derivative
calculations of a complex design system. This method gives bet-
ter numerical precision and is a much easier to perform theoretical
formulation.

To show a more generalapproach,the analytical formulas of find-
ing an eigenvector derivative described here are aimed at an eigen-
system with repeated eigenvalues. The system with nonrepeated
eigenvalue conditions can be treated as a special case.

Analytical Formulation

There are many technical papers published in the area of eigen-
vector derivative computation with repeated eigenvalues. A new
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method using the dynamic flexibility approach to compute many
eigenvectorderivativesis derived in the analysis. The dynamic flex-
ibility method tries to find an expression equivalentto the inverse of
the dynamic stiffness matrix (K _ AM). To be consistent with pre-
viously published papers, the same mathematical symbols are used
for the analytical derivation as are used in other papers. The gov-
erning equation of the eigenvectorderivative Z/ for an eigensystem
with n degrees of freedom can be expressed as

K_A.MZI= MZN, _(KI _A,MNZ=F (1)
where
Z=Yr (2

and where W is the eigenvectorof repeatedroot A,, obtaineddirectly
from the generalized characteristic equation

KO= MOQ 3)
The term W also satisfies Eq. (4):
YMY =1 4)

Both matrices AJ, and I" stand for m eigenpairs of the standard

characteristic equation
[‘PT(K/ — MNP =TA, (5)
From Eq. (5), one can get
I"'r’=1 (6)
Therefore, combining Egs. (2), (4), and (6) yields
Z'MzZ=1 (7

In regard to the existing methods,'~® for each different eigen-
value, one has to redecomposethe coefficient matrix (K _A,, M) as
shown in Eq. (1) to compute the eigenvector derivative. If the sys-
tem has large dimensionsand has many eigenvectorderivatives that
need to be computed, the efforts for structural engineers to obtain
numerical solutions become tremendouslytime consuming. To save
computationaltime, a dynamic flexibility method for computing the
eigenvector derivatives is developed and presented in this paper.

First Dynamic Flexibility Formula
Let us first define the dynamic flexibility matrix

R = (K _ 2 M)~ ®)
From Eq. (1), one can get
= R(HF )

However, (K _ A,, M) is a singular matrix, and thus, R(A) does not
exist. To find a solution, the perturbation method as proposed in
Ref. 7 is utilized to remove the singularity of (K _ A,, M). Let us
use the forward perturbation method to perturb about the parameter
A used in Eq. (1), that is,

= A+ 1A, = (1+ 1A, (10)

where 17is a small quantity without dimension. Equations (8) and
(9) can be rewritten as

ROF) = [K —(1+ mA, M]-" (11)
Z, = ROHF (12)

Using the conceptdescribedin Ref. 8, one can also use the backward
perturbation method to perturb about the parameter 4, in Eq. (1),
so that one can obtain

RO-) = [K _(1 _m)A,M]-" (13)
Z| = RAF (14)

Using the complete eigenpairs = [Dy, D, ] and Q= diag[€),
Q,] of Eq. (3) as well as orthogonalization conditions @ MO = I
and ®F KD= €, one knows ®-! = ®" M. Thus, K and M can be
expressed as

K = MOOQD" M, M= MO M (15)

Substituting Eq. (15) into Eq. (11) yields’-®

ROH) = {MOLQ_ (1 + 1A, 11O M}-1
= DQ_(1+nAi, - D"
= Q% (1 + A 17 DY
+ Dy (1 + A, 117Dy (16)

Equation (16) is the expansion of the dynamic flexibility matrix
based on the natural vibration mode shape. Define d; to consist
of all lower-order mode eigenvectors that are needed to compute
the derivative and can be obtained successfully from generalized
eigenequation (3). The terms @y contain the modes of lower and
higher frequency than A, as well as the mode eigenvector Z of A,
and rigid-body mode shape ®z. Assume @, = R"* (here k1 =
k _m)torepresentall lower-ordermode eigenvectorsexcludingthe
eigenvector Z of A,,. Thus one has

O, = [y, Z], Q = diag[€Q, A, 1] (17)

Embedding Eq. (17) into Eq. (16) gives
RO = DD (1 + 02, 117 B _ ()~ 227
+ D (1 + A, 17 D (18a)
Similarly

RO-) = DL _ (1 _1 2 117D + (A, 22"

+ Q[ (1 A, []-' D] (18b)

We can express the contributionof all high-ordermode eigenvec-
tors @, the third term shown in Eq. (18), as a power series of A,,.
That is, Eq. (18a) can be expressed as

R().,+) - - ¢¢T ).;Tln_lZZT
Dok,

+ A+ AL+ A+ 20+ 4+ .. (19)

Right now @, is divided into two groups, @; and d,, and their
corresponding characteristic values are € and €, respectively.
Here the diagonalelements in the €2, and £, matrices are separated
as smaller and larger, as compared with the value of A,,. Also, if
the rigid body mode @ is included in the lower-order modes ®;
andml, m2, ..., mm stand for the order numbers of m eigenvectors
contained in Z, then in whole assembly, ® = [¢,, ¢, ..., @,] orin
subassembly, D, = [¢1, ¢, . . ., @]. Equation(19) can be rewritten
as

RO = ' 22" 25 (1+ 1)~ D@

ml _1 2
— ¢1i¢1]-,' ; W
1
- 1(1+n)Am{ T (1+n)a,,,] * }
2
(1+n)7tm] N }

o7
bl {1
Wi

i= 1 @

(1+ A, 4

i

+

+ A+ X+ + 20+ 4+ ... (20a)
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Similarly, from Eq. (18b) one can obtain

RO = 54227 251 (1 1)~ 0

ml _1 ¢1’¢1’ { @, N
- Z (14, (1A,

K L
+ ¢21¢21 {1 + (1 —n))'m +

Wy

2
W
]+ .

1 _10A, 2+ }

N+ ... (20b)

i= 1 i

+ Ao + )'m(l —n)Al + )'fn(l

The convergentspeed of the power series in Eq. (20) is nearly equiv-
alent to that of the following geometric series:

2
1 1 . .
= 1+ a + a + ... (21)
Avr = A Aevr o\ A
where A, | is the eigenvalue correspondingto (k + 1)th eigenvec-
tor @, ;. For this reason, it is advantageous that the number of
eigenvectors contained in @y is slightly more than the number of

eigenvectorsthat are needed to compute the derivative.
From the definition of Egs. (11) and (13), it is given that

[K —(1+mA,MIRGH) = 1 (22a)
[K —(1 _mA,MIRO-) = I (22b)
From Eqs. (22a) and (22b), one can get

LK+ 2 MIRAH K (1A, MIRG=)}= T (23)

Substituting Eq. (20) into Eq. (23) yields

A KORDY, _ 2t e KO DT _ 20, KD QD7

_ e KD _
+ A KO DL + 2 d, KD, DF

ot chz_(zz—lqnzf

+ 2.d, KO, DY
+ KA+ A KA + Rd KA+ XK A+ ..,

+ MZZ" + MO D, + MO D" + X' e MO QD

+ 22 MDD, + A7 s MDD +

— A MO O] _ 25 dy MDD _ 2, dy MD, 27 D)

.—)-mMAO _)-f,,dlMAl _)-f,,dzMAz E—

(24)
where
A+n-'+ 1 _n-! 1+n—2+1_n-
= 2 C) = 2
_ (1+n)-3J2r(1_n)-3 25)

+n’+1_n? _d+n'+d_n’
, =
2 2
If we collect the terms with the same power of 4, from Eq. (24) and
set them equal to zero,

d1:

).7:3263MCD1!2?®{_63KCD1!2%®{ =0 (26)
%%:CzMCpqu){_CchDlglq){ =0 (27)
).;:liclMchglq){_Cchqu){ =0 (28)

XK Ay + KD D + MDD

+ MDD + MZZT _1=0 (29)

A KA+ KPP _ MO, D _ M4y =0 (30)

).;IdlKAz + dqu)zQz_zq)g _dqu)zQz_zq)g _diMA =0

(31
).3’12d2KA3 + de@sz‘@? _dqu)zQz_zq)g _dMA, =0
(32)
Combining Eqs. (26-28) results in
(KD _ MDQ)A—'df =0, g=123,... (33

Because the equation K@, _ MD,Q; = 0, Eqs. (26-28) are auto-
matically satisfied. From Eq. (29), one can obtain

KAy =1 _ MDD _ KD, DT (34)
where
Dy = [Dp, Dy, Z] (35)
Cpmbining Egs. (30-32) and using relationship K®, = MDD,
give
KA, = MA,_,, p=12,... (36)

Since K is a singular matrix [i.e., rank(K) = n _r] under the
caseof consideration,Eq. (34) canhavea solutiononly under certain
special conditions. The necessary and sufficient condition is

OL(T _ MDD _ KD, D) = 0 (37)
Expanding Eq. (37) gives @} _ ®% = 0, that is, Eq. (34) has a
solution. However, one must add r independent equations into Eq.
(34) to obtain the solution. Therefore, we can consider the terms of
A,, Ay, ..., in Egs. (19) and (20), which are acquired from each
term in the sum equation @, (€2, _A,, I)~' @I Thus, we can foresee
Eq. (38) as

M4, =0, >0 (38)

Also
OLMA, =0 (39)

Obviously, from Egs. (34) and (39), one can uniquely determine the
coefficient 4,. In addition, the necessary and sufficient condition
for Eq. (36) to have solutions is

OLMA, | =0, p>1 (40)

Obviously, from Eq. (38) one knows that Eq. (40) exists, that is,
Eq. (36) has a solution. Therefore, Egs. (36) and (38) can uniquely
determine all the coefficients 4, (p = 1,2,...).

After obtaining the values of coefficients 4,, 4,, 4, ..., and
following the procedure shown in Ref. 8, the eigenvectorderivative
ZI can be expressed as

Z1 = $(Zy + Z}) = S[RA) + RO-)IF = R(HF  (41)

where
R = 30 — (1 4+ A 17 + [ —(1 — A 11"}
X®,{+ Ap+ A Ay + Xody A+ XKoo A3 + .. (42)

is just the first dynamic flexibility formula established by the present
authors.

The idea of Ref. 8 embodied by Eq. (41) is that the term
A ZZ" included in R(A™) or R(A-) [see Eq. (18)] can be
eliminated through the operation of R(A") + R(A-). Thus, R;(A)
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approachescloserto exact value R(A) in comparison with R(j,*) or

R(-).

Second Dynamic Flexibility Formula

Inpractice,Eqgs. (23) and (41) imply the followingapproximation:

L(K 7 M)R(E) + (K — 2= M) R(>-)]

= (K _A,M)[RO) + RO-))/2

=(K_A,M)RN=1 (43)
The approximation is generated by using the procedure described
in Ref. 8. As mentioned earlier, the goal of using the procedure
in Ref. 8 is to eliminate the second term with factor 1! in Eq.
(18a) or (18b), which can make R;(A) approach closer to R(A).
The preceding goal can also be achieved by using the procedure
as shown in Ref. 7. Using the present procedure results in a more
simple analytical derivation.

According to Ref. 7, from the orthogonality of eigenvector Eq.

(18a) is left-multiplied by ZZ” M to obtain the second term on the
right-hand side of Eq. (18a) shown in Eq. (44),

g zz" = 22" MR(Y) (44)
Subtracting Eq. (44) from Eq. (18a) results in
RAY) _ZZ" MR(OF) = D — (1 + A, [1-' DL,
+ D Q — (1 + 1A 11 D] = Ry(D) (45)

Because both R(j,*) and Rz(j,) are symmetrical matrices, Eq. (45)
can be rewritten as

R(M) = RO _MzZ") (46)

Combining Eqgs. (22a) and (46) yields
(K _(1+DAMIR) =1_MZZ" (47)
Like Eqgs. (19) and (20a), Eq. (45) can be rewritten as the mixed
power series and can be substituted into Eq. (47). Collecting the

terms with the same power of 4, and setting them equal to zero,
one can get the following:

A (14T KOO + (1+ 1)~ MDD =0
At —(L+ 7 KO QD] + (1+ )~ MORD] =0
Al _(1+ ' KOO + 1+ )~ MOOQ D =0
X KO D + K Ay + MDD,

+ MOD] + MZZ" _1=0
A (1 4+ KD DE + (1 + K A4

—(L+ MDD _(1+1)M Ay =0 (48)
A1+ KO D] + (14 0)°K A

—(14+)*MDOQ7D _(141)°MA =0
2 (L+ ) KD + (1+ 1) K 4

—_(14+ )’ MO D _(14+1)°MA, =0

This set of equationsis, in reality, the same set of equationsas shown
in Eqgs. (26-32). Thus both Eqgs. (34) and (36) can be yielded once

again by Eq. (48). After solving 4,(p > 0) by using Eqs. (19) and
(45), the second dynamic flexibility formula in this paper is

R = (I _ZZ" M)RO*) (49a)

ROF) = O _(1+ DA, 17 D + 4,
+A(l+n A+ 450 +0* 4L+ ... (49b)
So the eigenvector derivativesare given as
ZI = R(H)F (50)

In this section, the two dynamic flexibility formulas that have
been presented are approximate. But the precision of the second
dynamic flexibility formula is theoretically better than that of the
first formula because the first dynamic flexibility formula possesses
the approximationas shown in Eq. (43).

Applications
The mathematical derivation presented in this paper is a very gen-
eral approach, which includes the rigid-body modes of the system.
For constrained structures, the stiffness matrix K is a nonsingu-
lar matrix. The coefficients 4,, 4, ..., can be independently and
uniquely determined by Eqs. (34) and (36). Therefore Egs. (34) and
(35) can be rewritten as

KAy=1_ MDD _ KD, DF (51)
O, = [y, Z] (52)

In regard to the derivative computation of the first-order eigenvec-
tor, @y in Egs. (35) and (52) does not exist. When the derivative
computation of the final eigenvectorin @y is made, @, in Egs. (34),
(51), and (54) does not exist if the number of eigenvectorscontained
in @, is equal to the number of eigenvectors that need to compute
the derivative.

To find the solution and to make the descriptionsimpler, combin-
ing Eqgs. (34) and (36) yields

KA4,=f, pZO (53)

Indealing with Eqs. (34) and (36), f must be expressedin a different
form. That is, when solving 4,,

f=1_ MDD _ KD D!
or

f=1_MDID _ KD D (54)
but when solving 4,(p > 1),

f=M4,_,, p>1 (55)
After obtaining Eq. (53), one can get a unified equation with un-
known 4, (p < 0) for a free-free system. According to the method
used by Hu,'™premultiplying uMdy to Eq. (38) (u is a prop-
erly chosen constant) and adding the results into Eq. (53) result in
Eq. (56):

(K + uM@,DEM) A, = f, >0 (56)

or according to the method used in Ref. 1, combining Eqs. (38) and
(53) gives a new set of equations,

K A
[,uCDgM] Ap:[o], pzo (57)

The coefficient matrix (K + uM®Dr D% M) of Eq. (56) can be
proven to be nonsingular. The coefficient matrix shown in Eq. (57)
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is a matrix with the column space of full rank. Premultiplying
[K, uM®Dg] to Eq. (57) yields

(K 4+ P MDDIM) 4, = Kf, (58)

p>0
although one has to solve the linear equation (53) or (56) once to
determine the corresponding 4, for p . 0 to obtain the eigenvector
derivative of the system. However, in dealing with many different
eigenvectorsina givensystem, the constantcoefficient matrix of Eq.
(53) or (56) will not change and only needs to be decomposed once.
Because of this, the method developedin this paper can be utilized in
calculatingmany different eigenvectorderivativesin a very efficient
manner. Other methods presented in Refs. 2-7 use the dynamic
stiffness (K _ A, M) to solve for the eigenvector derivative Z/ [see
Eq. (1)]. For each different eigenvalue A, the coefficient matrix
(K _ 2, M) of Eq. (1) will change and needs to be re-decomposed
repeatedly to compute the eigenvector derivatives correspondingto

the A,,.

Numerical Example

The numerical example used in this paper is the same example
as shown in Ref. 4 with all the design parameters having the same
numerical values, except that the original two beam elements has
been changed to three beam elements. The example of interest is
a cantilever beam with 12 degrees of freedom; each beam element
has the same square cross section. Thus finite element assembly
matrices of the cantilever are

and A, = 14.365 with eigenvectors

ke

P

[~ 0.056355
0
0

0.030823
0
0

0.009329
0
0

[_0.056692
0
0
0.090423
0.024006
0
0
0.055925
0.033441
0
0
_0.033327

—0.025858

—0.024588

—0.016991

0
0.056355
0.025858

0

0
0.030823
0.024588

0

0
0.009329
0.016991

0

(61)

0
—0.056692
—0.090423

0

0

0.024006
—0.055925
0
0
0.033441
0.033327
0

K=
12 0 06_12 0 06 0 0 00]
12_60 0_12_60 0 0 00
4 0 6 20 0 0 00
4 _6 02 0 0 00
24 0 00_12 0 06
24 00 0_12_60 X
s0 0 6 20 [x1©
8 _6 0 02
24 0 00
24 00
symmetric 8 0
8
(59)
M =
[156 0 022 5% 0 0_13 0 0 0 0]
156 _22 0 0 5413 0 0 0 0 0
40 0_13_3 0 0 0 0 0
4 13 0 0 3 0 0 0 0
312 0 0 0 54 0 0_13
312 0 0 0 5413 0
8 0 0_13_3 0
8 13 0 0 _3
3120 0 0
312 0 0
symmetric 8§ 0
8
(60)

The overallsystem has totalof six pairs of repeated eigenvalues.The
first and second frequency pairs occur separately at 4; = 0.36346

Only the eigenvectorderivatives correspondingto the first and sec-
ond repeated eigenvaluesare computed in this paper. The derivative
calculation is made with respect to the design parameter p;. Here
p; is chosento be the Z axis area moment I of element at the free
end. So derivative matrices of K and M are, respectively,

12 0 0 6 _12 00 600 0 0
0 0 0 000 0O0O0O0O0
0 0 000 0O0O0O0O0
4 _6 00 20000
1200 _6 0000

o= 0 0 ooooo102

0 0000 0|X

4 0 0 0 0
0000
0 0 0
symmetric 0 0
0

(62)

and M/ = 0. Furthermore, K# = Mn = 0. Solving Eq. (5) yields

0 0 0 0
/ = =
M [o 040027581] ’ M [o 148694] (63)
Both I} and I'; correspondingto Af and A4 are
0 1
h=IL= [1 O] (64)
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Table1 Eigenvector derivatives of first repeated root Table 3 Eigenvector derivatives of first repeated root
with second-order approximation and six modes with third-order approximation and six modes
First dynamic Second dynamic First dynamic Second dynamic

Exact value

flexibility formula

flexibility formula

Exact value

flexibility formula

flexibility formula

0 _0.52409D-3 0 _0.52409D-3 0 _0.52409D-3 0 _0.52409D-3 0 _0.52409D-3 0 _0.52409D-3
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0.10865D-2 0 0.10865D-2 0 0.10865D-2 0 0.10865D-2 0 0.10865D-2 0 0.10865D-2
0 0.23736D-3 0 0.23736D-3 0 0.23736D-3 0 0.23736D-3 0 0.23736D-3 0 0.23736D-3
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 _0.17973D-3 0 _0.17974D-3 0 _0.17973D-3 0 _0.17973D-3 0 _0.17974D-3 0 _0.17973D-3
0  0.74746D4 0 0.74746D-4 0 0.74746D-4 0  0.74746D4 0 0.74746D-4 0 0.74746D-4
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 _0.13341D-3 0 _0.13341D-3 0 _0.13341D-3 0 _0.13341D-3 0 _0.13341D-3 0 _0.13341D-3
Table2 Eigenvector derivatives of second repeated root Table 4 Eigenvector derivatives of second repeated root
with second-order approximation and six modes with third-order approximation and six modes
First dynamic Second dynamic First dynamic Second dynamic
Exact value flexibility formula flexibility formula Exact value flexibility formula flexibility formula
0 0.66634D-2 0 0.66632D-2 0 0.66633D-2 0 0.66634D-2 0 0.66633D-2 0 0.66634D-2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 _0.19372D-1 0 _0.19372D-1 0 _0.19372D-1 0 —0.19372D-1 0 —0.19372D-1 0 _0.19372D-1
0 _0.35259D-2 0 _0.35259D2 0 _0.35259D-2 0 —0.35259D2 0 —0.35259D-2 0 _0.35259D-2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0.12701D-1 0 0.12701D-1 0 0.12701D-1 0 0.12701D-1 0 0.12701D-1 0 0.12701D-1
0 0.29112D-2 0 0.29111D2 0 0.29112D-2 0 0.29112D-2 0 0.29111D-2 0 0.29112D-2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 _0.70143D-3 0 _0.70134D-3 0 _0.70133D-3 0 —0.70143D-3 0 —0.70144D-3 0 _0.70142D-3
The new eigenvectorsare 1) The numerical results of the eigenvector derivatives of the
_ _ first and second repeated eigenvalues are shown in Tables 1 and
0 0.056355 2, respectively. Only the first six lower-order modes corresponding
0.056355 0 to Ay /A construct the lower-order eigenvector matrix @, and are
used in the computation. Results obtained from both Eqgs. (42) and
0.025858 0 . 5 S
(49) are using the power terms up to A*, which is a second-order
0 —0.025858 approximation.
0 0.030823 2) Results obtained from Eqs. (42) and (49) using the powerterms
0.030823 0 up to A} (third-order approximation) are shown in Tables 3 and 4.
Z, =WI = Again, only the first six lower-order modes are used to construct @y
0.024588 0 and used in the computation.
0 _0.024588 Also, the perturbed solution results shown in Tables 14 are ob-
0 0.009329 tained from the direct perturbation method as used in Ref. 7. That
is to say, the perturbed solution is obtained by using the following
0.009329 0 formulas:
0.016991 0
0 _0.016991 (K _(1+nAM]Z}, = F (662)
(65) Zl,=(I_ZZ"M)Z], (66b)
0 _0.056692 Zl =7} + ZC (66¢)
_0.056692 0 . .
where matrix C to be determined is calculated by the procedure de-
—0.090423 0 scribed in Refs. 4 and 6. In general, engineering problems normally
0 0.090423 use first-order approximation,at most use second-orderapproxima-
0 0.024006 tion. This method used here can be a good tool to design complex
0.024006 0 structural systems.
Z, =W, = ) The eigenvector derivatives Z/ obtained by Eqs. (42) and (49)
—0.055925 0 shall be theoretically considered as the particular solution Zj,. The
0 0.055925 general solution is Eq. (66¢).
0 0.033441 Finally, for the need of applicationand on the basis of our expe-
rience, the present authors recommend that 7is about 0.001.
0.033441 0
0.033327 0 Conclusions
0 _0.033327 Based on technical analysis and numerical example, a new

method for computing eigenvector derivatives of a large complex

Numerical results are presented as follows. structuralsystemhas beensuccessfullydeveloped. This method uses
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a dynamic flexibility technique to obtain eigenvector derivatives of
an eigensystem. The conclusions obtained from numerical results
are as follows.

1) The dynamic flexibility technique can be used to compute
eigenvectorderivativesof a complex structuralsystem with repeated
eigenvalues.

2) This method only requires one to solve the linear algebraic
system equations once, regardless of the number of eigenvector
derivatives needed during the design.

3) This method gives better numerical precision and an easier to
perform theoretical formulation.

4) This method gives the mathematical expressionfor eigenvector
derivatives and is numerically stable.

5) This method can be a very useful tool for a design engineer
to compute eigenvector derivation of a large complex structural
system.
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